Invariant chiral differential operators 
and the W3 algebra 



Andrew R. Linshaw 

ABSTRACT. Attached to a vector space y is a vertex algebra S{V) known as the P'y- 
system or algebra of chiral differential operators onV. It is analogous to the Weyl algebra 
V(y), and is related to T>(y) via the Zhu functor. If G is a connected Lie group with Lie 
algebra g, and ^ is a linear G-representation, there is an action of the corresponding affine 
algebra on S{V). The invariant space S{V)^^^^ is a commutant subalgebra of S{V), and 
plays the role of the classical invariant ring T){V)'~' . When G is an abelian Lie group acting 
diagonally on V, we find a finite set of generators for and show that S{V)^^^^ is a 

simple vertex algebra and a member of a Howe pair. The Zamolodchikov VV3 algebra with 
c = —2 plays a fundamental role in the structure of S{V)^^^\ 
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1. Introduction 



Let G be a connected, reductive Lie group acting algebraically on a smooth variety 
X. Throughout this paper, our base field will always be C. The ring T>{X)'^ of invariant 
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differential operators on X has been much studied in recent years. In the case where X is 
the homogeneous space G/K^ V{X)^ was originally studied by Harish-Chandra in order 
to understand the various function spaces attached to X [8] [9]. In general, V{X)^ is not a 
homomorphic image of the universal enveloping algebra of a Lie algebra, but it is believed 
that V{X)^ shares many properties of enveloping algebras. For example, the center of 
'D{X)^ is always a polynomial ring [12]. In the case where G is a torus, the structure and 
representation theory of the rings V{X)^ were studied extensively in [16], but much less is 
known about 'D{X)^ when G is nonabelian. The first step in this direction was taken by 
Schwarz in [17], in which he considered the special but nontrivial case where G = SL{S) 
and X is the adjoint representation. In this case, he found generators for T>{X)'^, showed 
that T>{X)'^ is an FCR algebra, and classified its finite-dimensional modules. 

1.1. A vertex algebra analogue ofV{X)'~^ 

In [15], Malikov-Schechtman-Vaintrob introduced a sheaf of vertex algebras on any 
smooth variety X known as the chiral de Rham complex. For an affine open set y C X, 
the algebra of sections over V is just a copy of the 6c/?7-system SiV) ® ^iV)-, localized 
over the function ring OiV). A natural question is whether there exists a subsheaf of 
"chiral differential operators" on X, whose space of sections over V is just the (localized) 
/?7-system S{V). For general X, there is a cohomological obstruction to the existence of 
such a sheaf, but it does exist in certain special cases such as affine spaces and certain 
homogeneous spaces [15] [7]. 

In this paper, we focus on the case where X is the affine space V = C"^, and we take 
S{y) to be our algebra of chiral differential operators on V . SiV) is related to 'D{V) via 
the Zhu functor, which attaches to every vertex algebra V an associative algebra A(y) 
known as the Zhu algebra of V, together with a surjective linear map ttzh '• V A{V). 

If V carries a linear action of a group G with Lie algebra Q, the corresponding repre- 
sentation p : Q —> End{V) induces a vertex algebra homomorphism 

0{q,B)^S{V). (1.1) 

Here 0{g,B) is the current algebra of Q associated to the bilinear form B{^,r]) = 
—Tr{p{^)p{r])) on g. Letting denote the image of 0{g,B) inside S{V), the commu- 
tant Com(0,<S(F)), which we denote by S(V)®+, is just the invariant space S(V)^^^\ 
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Accordingly, we call S{V)^+ the algebra of invariant chiral differential operators on V. 
There is a commutative diagram 

S{V)®+ A S{V) 

TTi TTzU • (1.2) 

V{V)^ ^ V{V) 

Here the horizontal maps are inclusions, and the map tt on the left is the restriction of the 

Zhu map on S{V) to the subalgebra S(V)^-'+. In general, tt is not surjective, and 'D{V)''^ 
need not be the Zhu algebra of S{V)^+. 

For a general vertex algebra V and subalgebra A, the commutant Com{A, V) was 
introduced by Prenkel-Zhu in [4], generalizing a previous construction in representation 
theory [10] and conformal field theory [6] known as the coset construction. We regard V 
as a module over A via the left regular action, and we regard Com{A,V), which we often 
denote by V'^+ , as the invariant subalgebra. Finding a set of generators for V"^+ , or even 
determining when it is finitely generated as a vertex algebra, is generally a non-trivial 
problem. It is also natural to study the double commutant Com(V'^+,V), which always 
contains A. If ^ = Com(V"^+, V), we say that A and V"^+ form a Howe pair inside V. 
Since 

Com{Com{V-^+,V),V) = V-^+, 
a subalgebra B is a member of a Howe pair if and only if i3 = V"^+ for some A. 

Here are some natural questions one can ask about S{V)^+ and its relationship to 

Question 1.1. When is S{V)^+ finitely generated as a vertex algebra? Can we find a set 
of generators ? 

Question 1.2. When do S{V)®+ and Q form a Howe pair inside S{V)? In the case 
where G = SL(2) and V is the adjoint module, this question was answered affirmatively 
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in [13]. 



Question 1.3. What are the vertex algebra ideals in SiV) + , and when is SiV) + a 
simple vertex algebra? 

Question 1.4. When is S{V)®+ a conformal vertex algebra? 

Question 1.5. When is tt : S{V)^+ 'D(V)'-^ surjective? More generally, describe 
/m(7r) and Cokeriji). 

These questions are somewhat outside the realm of classical invariant theory because 
the Lie algebra Q[t\ is both infinite-dimensional and non-reductive. Moreover, when G is 
nonabelian, SiV) need not decompose into a sum of irreducible 5)-modules. The 
case where G is simple and V is the adjoint module is of particular interest to us, since in 
this case S{y)®+ is a subalgebra of the complex iyV{Q)hasid) which computes the chiral 
equivariant cohomology of a point [14] . 

In this paper, we focus on the case where G is an abelian group acting faithfully and 
diagonalizably on V. This is much easier than the general case because B) is then a 
tensor product of Heisenberg vertex algebras, which act completely reducibly on SiV). For 
any such action, we find a finite set of generators for »S(F)®+, and show that S{y)^+ is a 
simple vertex algebra. Moreover, S{y)®+ and always form a Howe pair inside SiV). For 
generic actions, we show that Siy)®+ admits a A;-parameter family of conformal structures 
where k = dim V — dim Q, and we find a finite set of generators for /m(7r). Finally, we 
show that Coker{7r) is always a finitely generated module over /m(7r) with generators 
corresponding to central elements of T>{V)'^. The Zamolodchikov W3 algebra of central 
charge c = — 2 plays an important role in the structure of S{V)®+. Our description relies 
on the fundamental papers [18] [19] of W. Wang, in which he classified the irreducible 
modules of W3,_2- 

In the case where G is nonabelian, very little is known about the structure of S{V)^+, 
and the representation-theoretic techniques used in the abelian case cannot be expected to 
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work. In a separate paper, we will use tools from commutative algebra to describe S{V)^+ 
in the special cases where G is one of the classical Lie groups SL{n), SO{n), or Sp{2n), 
and y is a direct sum of copies of the standard representation. 

One hopes that the vertex algebra point of view can also shed some light on the 
classical algebras T>{V)'^. For example, the vertex algebra products on S{V) induce a 
family of bilinear operations *fe,A;> —1 onT>{V)'^ , which coincide with classical operations 
known as transvectants. T>{V)'^ is generally not simple as an associative algebra, but in 
the case where G is an abelian group acting diagonalizably on V, V{V)^' is always simple 
as a *-algebra in the obvious sense. 

1.2. Acknowledgements 

I thank B. Lian for helpful conversations and for suggesting the Friedan-Martinec- 
Shenker bosonization as a tool in studying commutant subalgebras of S{V). I also thank 
A. Knutson, G. Schwarz, and N. Wallach for helpful discussions about classical invariant 
theory, especially the theory of invariant differential operators. 



2. Invariant differential operators 

Fix a basis {xi, . . . , Xn} for V and a corresponding dual basis {x'l, . . . , x'^} for V*. The 
Weyl algebra T>{V) is generated by the linear functions and the first-order differential 
operators which satisfy [-^iXj] = 5ij. Equip T>(V) with the Bernstein filtration 



defined by {x[)'^^ ■ ■ ■ (x'J'^-i^J'- ■ ■ ■ (^)'" G V{V)^r) if h + ■ ■ ■ + kn + li + ■ ■ ■ + L < r. 
Given oj e 'D{V)(^r) ^nd u e ©(V^)^^), [a;,^'] e 'D{V)(^r+s-2)i so that 



P(F)(o)CP(F)(i)C---, 



(2.1) 



grV{V) = ^V{V)^r)/'D{V)^r-i)=Sym{V(BV*). 



(2.2) 



r>0 



We say that deg{a) = d if a E I>(F)(rf) and a ^ 'D(F)(d_i). 
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Let G be a connected Lie group with Lie algebra g, and let y be a linear representation 
of G via p : G ^ Aut{V). Then G acts on T>{V) by algebra automorphisms, and induces 
an action p* : g — > Der{T>{V)) by derivations of degree zero. Since G is connected, the 
invariant ring T>{V)'^ coincides with T>{V)^, where 

V{Vr = {a; e V{V)\ p*{Oi^) = 0, G fl}. 

We will usually work with the action of g rather than G, and for greater flexibility, we do 
not assume that the g-action comes from an action of a reductive group G. 

The action of q on V^V) can be realized by inner derivations: there is a Lie algebra 
homomorphism 

r:Q^V{V), ^^-J2x',p*{0{g^). (2.3) 

i=l * 

t(^) is just the linear vector field on V generated by ^, so ^ e g acts on ©(V) by [t(^), — ]. 
Clearly r extends to a map ilg — > 'D{V), and 

V{Vy = Com{T{!dQ),V{V)). 

Since g acts on ^^{V) by derivations of degree zero, (2.1) restricts to a filtration V{V)^qs^ C 
P(y)Ji) C • • • on V{V)s, and gr{V{V)^) ^ gr{V{V))» = Sym{V © V*)^. 

2.1. The case where g is abelian 

Our main focus is on the case where g is the abelian Lie algebra C"^ = gl{l)®- ■ -©(//(l), 
acting diagonally on V . Let R{V) be the C-vector space of all diagonal representations of 
g. Given p G RiV) and ^ G g, p{i) is a diagonal matrix with entries a^, . . . , a|, which we 
regard as a vector — (a^, . . . , a|) G C". Let A(p) C C" be the subspace spanned by 
{p(OICeg}. 

The action of GL{m) on g induces a natural action of GL{m) on -R(V^), defined by 

{9-pm = p{9-'-0 (2.4) 

for aU g G GL{m). Clearly A{p) = A{g ■ p) for all ^ G GL{m). Note that dzm Ker{p) = 
dim Ker{g ■ p) for all g G GL{m), so in particular GL{m) acts on the dense open set 
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R^{V) = {pe R{V)\ ker{p) = 0}. The correspondence p ^ A{p) identifies R^{V)/GL{m) 
with the Grassmannian Gr{m,n) of m-dimensional subspaces of C". 

Given p e R{V), V{V)^ = V{V)^ where g' = g/Kerip), so we may assume without 
loss of generahty that p e R^{V). We denote VCV)^ by V{V)^ when we need to emphasize 
the dependence on p. Given a; e T^{V), the condition p*{^){uj) ~ for all ^ G is equivalent 
to the condition that p*{g ■ ^){uj) = for all ^ G g, so it follows that V{V)^p = V{V)lp 
for all g E GL{m). Hence the family of algebras V(yYp is parametrized by the points 
A[p) G Gr{m, n). 

Fix p G and choose a basis {^^, . . . , ^"^} for g. Let a' = {a\^ . . . , a^) G C"- be 

the vectors corresponding to the diagonal matrices p{0, and let A — A{p) be the subspace 
spanned by these vectors. The map t : q ^ V{V) is defined by 

^(e) = -EaH^- (2-5) 

The Euler operators {ej = x'j | j = 1, . . . , n} lie in V{V)^, and we denote the polynomial 
algebra C[ei, . . . , e^] by E. 



For each j — 1, . . . ,n and (i G Z, define Vj G ^^(V^) by 

^,^ = <^ 1 d = 0. (2.6) 

Let C C" denote the lattice generated by the standard basis, and for each lattice point 
/ = {h, . ..,ln) e Z"^, define 

n 



As a module over E, 



a;/ = n^i- (2-7) 



V{V) = Ml, (2.8) 



where M/ is the free £'-module generated by ui. Moreover, we have 

[ej,u)i] = IjUJi, (2.9) 
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so the Z"'-grading (2.8) is just the eigenspace decomposition of 'D(F) under the family of 
diagonahzable operators [e-,-, — ]. In particular, (2.9) shows that 

p*(e)(u;0 = Me),^d = -(/,a>^ (2.10) 

where (, ) denotes the standard inner product on C^. Hence u>i lies in V(y)^ precisely 
when I e A-*-, so 

nvy^ Ml. (2.11) 

/eA-LnZ" 

For generic actions, the lattice A-^ fl Z"^ has rank zero, so T>{V)^ = Mq = E. 

Consider the double commutant Com{T>{V)^ ,T>{V)), which always contains T = 
r(il0) = C[t(Ci) . . . , T(Cm)]. Since Com(E, V{V)) = E, we have Com{V{VY, V{V)) = E 
for generic actions. 

Suppose next that A-^ n Z" has rank r for some < r < n — m. For z = 1, . . . , r let 
{r = . . . be a basis for A-^ fl Z"', and let L be the C-vector space spanned by 
{/^, . . . , r}. If r < n — m, we can choose vectors s'^ = (s^, .... s'^) G L-*- fl A-^, so that 
{/^, . . . , s'^+^j . . . , is a basis for A-^. For i = 1, . . . ,r and /c = r + 1, . . . , n — m, 

define differential operators 

n n 

Note that C[ei,...,e„] = T®*®$, where $ = C[0^...0^ and * = C[V'''+S • • • , V""""]- 



Theorem 2.1. Com(r'(y)0, D(y)) = T ® ^. 
commutants inside I^(V) precisely when ^' = 
n — m. 



Hence V{V)^ and T form a pair of mutual 
C, which occurs when A-^ n Z" has rank 



Proof: By (2.9), for any lattice point I e A-^ fl Z"^, and for /c = r + 1, . . . , n — m we have 

[iP\u;i] = {s\l)u;i = 

since G L^. It follows that * C Com(r'(y)0, r'(y)). Hence T(g)* C Com(r'(y)f , r'(y)) 
Moreover, since [0^ ci;;] = (P, Z)a;/ and {l^, . . F} form a basis for A-^ fl Z", it follows that 
the variables 0* cannot appear in any element u G Com{T>{V)^,T>{V)). □ 

In the case = C, we can recover the action p (up to GL(m)-equivalence) from 
the algebra T>{V)^ by taking its commutant inside T>{V), but otherwise T>{V)^ does not 
determine the action. 
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3. Vertex algebras 



We will assume that the reader is familiar with the basic notions in vertex algebra 
theory. For a list of references, see page 117 of [13]. We briefly describe the examples and 
constructions that we need, following the notation in [13]. 

Given a Lie algebra q equipped with a symmetric g-invariant bilinear form B, the 
current algebra 0{g, B) is the universal vertex algebra with generators X^{z)^ C ^ 0: which 
satisfy the OPE relations 

Given a finite-dimensional vector space F, the /?7-system, or algebra of chiral differen- 
tial operators 5(F), was introduced in [5]. It is the unique vertex algebra with generators 
P^{z), 7^' (2;) for X e V , x' e V* , which satisfy 

/?^(^)7^'(t(;) ~ {x',x)iz-w)-\ 7^'(^)/?^H ~ -{x',x)iz-w)-\ 

- 0, 7^'(2)7^'(w) - 0. (3.1) 
Given a = (cti, . . . , an) e C^, S{V) has a Virasoro element 

n 

L'^^z) = ^(tti - 1) : d(3''^{z)-f<{z) : +ai : P''^{z)d-f'''^{z) : (3.2) 

i=l 

of central charge ^2^=1 — 12ai + 2). Here {xi, . . . , is any basis for V and 

{x[, . . . , x'^} is the corresponding dual basis for V*. An OPE calculation shows that 
P^^{z), 7^»(-s) are primary of conformal weights ai, 1 — ai, respectively. 

S{V) has an additional Z-grading which we call the /37-charge. Define 

n 

^(2) = ^:/3-> (2)7^^2): . (3.3) 

The zeroth Fourier mode v{0) acts diagonalizably on S{V); the /?7-charge grading is just 
the eigenspace decomposition of S{V) under v{0). For x E V and x' e V*, f3^{z) and 
7^' (2;) have /?7-charges —1 and 1, respectively. 
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There is also an odd vertex algebra S{V) known as a 6c-system, or a semi- infinite 
exterior algebra, which is generated by b^{z), (z) ior x eV and x' eV*, which satisfy 

b''{z)c''{w) - {x',x){z-w)-\ c^'(z)6^H - {x',x){z-w)-\ 

b''{z)by{w) - 0, c""' {z)cy' {w) - 0. 

S{V) has an analogous conformal structure L°'{z) for any a e C", and an analogous 
Z-grading which we call the 6c-charge. Define 

n 

q{z) = -J2--b'''{zyH^)-- ■ (3.4) 

The zeroth Fourier mode q{0) acts diagonalizably on S{V), and the fee-charge grading 
is just the eigenspace decomposition of S{V) under q{0). Clearly b^{z) and c^' (z) have 
fee-charges —1 and 1, respectively. 

3.1. The commutant construction 

Definition 3.1. Let V be a vertex algebra, and let A be a subalgebra. The commutant of 
A in V, denoted by Com{A,V) or V"^+, is the subalgebra of vertex operators v e V such 
that [a{z), v{w)] = for all a & A. Equivalently, a{z) o„ v{z) = for all a & A and n > 0. 

We regard V as a module over A, and we regard V"^+ as the invariant subalgebra. If 
^ is a homomorphic image of a current algebra -B), V"^+ is just the invariant space 
yeW. We will always assume that V is equipped with a weight grading, and that .4 is a 
graded subalgebra, so that V'^+ is also a graded subalgebra of V. 

Our main example of this construction comes from a representation p : g — > End{V) of 
a Lie algebra q. There is an induced vertex algebra homomorphism f : 0{q,B) — > S{V), 
which is analogous to the map r : ilg — > T>{V) given by (2.3). Here B is the bilinear 
form rj) = —Tr{p{^)p{ri)) on g. In terms of a basis {xi, . . . , x^} for V and dual basis 
{x'l, . . .x'^} for V*, f is defined by 

n 

t{X^{z)) = 9^{z) = - J] : 7"^(^)/9''(^)^"^H^) : • (3-5) 

1=1 
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Definition 3.2. Let denote the subalgebra t{0{q, B)) C S{V). The commutant algebra 
S{V)^+ will be called the algebra of invariant chiral differential operators on V. 

If S{V) is equipped with the conformal structure given by (3.2), G is not a graded 
subalgebra of S{V) in general. For example, if = gl{n) and V = C"^, G is graded by 
weight precisely when ai = a2 = ■ ■ ■ = ctn- However, when g is abelian and its action on 
V is diagonal, 0^{z) will be homogeneous of weight one for any a. Hence S{V)'^+ is also 
graded by weight, but this grading will depend on the choice of a. 

3.2. The Zhu functor 

Let V be a vertex algebra with weight grading V = 0„£z V„. In [21], Zhu introduced 
a functor that attaches to V an associative algebra ^(V), together with a surjective linear 
map -Kzh '■ V A{V). For a e Vm and 6 e V, we define 



and extend * by linearity to a bilinear operation V0 V V. Let 0(V) denote the subspace 
of V spanned by elements of the form 



where a G Vm, and let ^(V) be the quotient V/0(V), with projection ttzh '■ V A{V). 
For a, 6 G V, a ~ 6 means a — b E 0(V), and [a] denotes the image of a in ^(V). A useful 
fact which is immediate from (3.6) and (3.7) is that for a G Vm, 



Theorem 3.3. (Zhu) 0{V) is a two-sided ideal in V under the product *, and (^(V),*) 
is an associative algebra with unit [1]. The assignment V i— > ^(V) is functorial. If I is a 
vertex algebra ideal of V, we have 




(3.6) 




(3.7) 



da ~ ma. 



(3.8) 



A{V/I) ^ A{V)/I, 



I = 7rzh{I). 



(3.9) 
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The main application of the Zhu functor is to study the representation theory of V, 
or at least reduce it to a more classical problem. Let M = ®„>o Mn be a module over 
V such that for a G Vm, a{n)Mk C Mm+k-n-i for all n G Z. Given a G Vm, the Fourier 
mode a{m — 1) acts on each Mk- The subspace Mq is then a module over A{V) with action 
[a] I—* a(m — 1) G End{MQ). In fact, M i— > Mq provides a one-to-one correspondence 
between irreducible Z>o-graded V-modules and irreducible 74(V)-modules. 

A vertex algebra V is said to be strongly generated by a subset {vi {z)\ i G /} if V is 
spanned by collection of iterated Wick products 

{:d^^v,^{z)---d''-^ViJz): \ h, . . . , > 0}. 

Lemma 3.4. Suppose that V is strongly generated by {vi{z)\ i G /}, which are homoge- 
neous of weights di > 0. Then A{V) is generated as an associative algebra by the collection 
{T^zhivi)] ie I}. 

Proof: Let C be the algebra generated by {nzh{vi)\i G /}. We need to show that for any 
vertex operator G V, we have TVzhi'-^) ^ ^- -^Y strong generation, it suffices to prove this 
when a; is a monomial of the form 

We proceed by induction on weight. Suppose first that cj has weight zero, so that ki = 
■ ■ • = kr- = and , . . . , all have weight zero. Note that f °n{- ■ ■ ■ :) has weight 
—n — 1, and hence vanishes for all n > 0. It follows from (3.6) that 

M * [: Vi^---Vi^ :] = [a;]. 

Continuing in this way, we see that [a;] = [vjj * [vi^] * • • • * [vi^] G C. Next, assume that 
T^zhi^) ^ ^ whenever wt{uj) < n, and suppose that uj = : d^^Vi ■ ■ ■d^'^Vr : has weight n. 
We calculate 
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where • • • is a linear combination of terms of the form [d^^Vi^ O). (: d^^Vi^ • • • d'^'^Vi^ :)] for 
A; > 0. The vertex operators d^^vi^ O]^ (: d^'^vi^ ■ ■ ■d^'^vi^ :) all have weight n — A; — 1, 
so by our inductive assumption, [d^^Vi^ o/- (: d^'^Vi^ ■ ■ ■d^'^Vi^ :)] e C. Applying the same 
argument to the vertex operator : d^^Vi^ • • • d^'^vi^ : and proceeding by induction on r, we 
see that [a;] = [d'^'^Vi^] * • • • * [^'^"Vi^] modulo C. Finally, by applying (3.8) repeatedly, we 
see that [oj] e C, as claimed. □. 

Example 3.5. V = 0(2, B) where each generator has weight 1. Then A{0{q^ B)) is 
generated by {[^^]| ^ G q}, and is isomorphic to the universal enveloping algebra iXg via 

Example 3.6. Let V = S{V) where V = C^, and S{V) is equipped with the conformal 
structure given by (3.2). Then A{S{y)) is generated by {[7^*], a,nd is isomorphic 

to the Weyl algebra T>{y) with generators via 

i 

Even though the structure of A{S{y)) is independent of the choice of a, the Zhu map 
TTzh '■ ^{V) ~^ ^{^{V)) does depend on a. For example, (3.6) shows that 

TTzhi: 7"^r^ = + l-ai. (3.10) 



We will be particularly concerned with the interaction between the commutant con- 
struction and the Zhu functor. If a, 6 G V are (super) commuting vertex operators, [a] and 
[b] are (super) commuting elements of ^(V). Hence for any subalgebra i3 C V, we have a 
commutative diagram 

Com{B, V) ^ V 

TTi TTzhi ■ (3.11) 

Com{B,A{V)) A ^(V) 

Here B denotes the subalgebra 7rzh{^) C ^(V), and Com{B, A{V)) denotes the (su- 
per)commutant of B inside ^(V). The horizontal maps are inclusions, and tt is the restric- 
tion of the Zhu map on V to Com{B, V). Clearly /m(7r) is a subalgebra of Com{B, ^(V)). 
A natural problem is to describe /m(7r) and Coker{7r). In our main example V = S{V) 
and ^ = G, we have TTzhiQ) = ^(iis) C V{V) and Com{T(ldQ),V{V)) = P(F)», so 
(3.11) specializes to (1.2). 
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4. The Friedan-Martinec-Shenker bosonization 



4.1. Bosonization of fermions 

First we describe the bosonization of fermions and the weU-known boson-fermion 
correspondence due to [3]. Let A be the Heisenberg algebra with generators j{n), n G Z, 
and K, satisfying [j {n) , j {m}] — n5n+m,oi^- The field j{z) — '^nez3i''^)^~^~^ satisfies the 
OPE 

j{z)j{w) ~ (2 - w)~^, 

and generates a Heisenberg vertex algebra 7i of central charge 1. Define the free bosonic 
scalar field 

4>{z)=q + j{0)lnz-J2^-^^~^, 

where q satisfies [q,j{n)] = Sn,o- Clearly d(j){z) — j{z), and we have the OPE 

(f){z)(f){w) ~ ln(2; — w). 

Given CK e C, let Ha denote the irreducible representation of A generated by the vacuum 
vector Va satisfying 

j{n)va = a5n,oVa, n>0. (4.1) 

Given 77 G C, the operator e^'^{va) — so e^'^ maps TYq, — 7ia+r]- Define the vertex 

operator 

Xr,{z) = e'^^W = e^^z^''exp{riy^j{-n) — )exp{riy2ji-n) — )- 

n>0 n<0 

The satisfy the OPEs 

2{z)X^{w) = riXn{w){z - w)~'^ + ^dXr^{w), 

Xr,{z)X^{w) = {z- tu)''^ : Xrj{z)X^{w) : . 

If we take 77 = ±1, the pair of (fermionic) fields Xi,X_i generate the lattice vertex 
algebra Vl associated to the one-dimensional lattice L = Z. The state space of Vl is just 
J2nez '^n = H (8)c L. It follows that 

Xi{z)X_^{w) ~ - w)-\ X_^{z)X,{w) r^{z- w)-\ 

Xi {z)Xi (w) ~ 0, X_i {z)X_i{w) - 0, 

so the map £ ^ Vl sending b 1-^ X_i,c ^ Xi is a vertex algebra isomorphism. Here £ 
denotes the fee-system £{V) in the case where V is one-dimensional. 
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4-2. Bosonization of bosons 



Next, we describe the bosonization of bosons, following [2]. Recall that S has the 
grading S = ®iez£^ by 6c-charge. As in [2], define N{s) = J2iez ® T^i(s+i)j which is a 
module over the vertex algebra S ® Vl'- Here L' is the one-dimensional lattice iZ, and Vl' 
is generated by X±i. We define a map e : S —>■ S ® Vl' by 

13 ^ dh® X^i, 7i-^c(8)Xj. (4.2) 

It is straightforward to check that (4.2) is a vertex algebra homomorphism, which is injec- 
tive since S is simple. Moreover Proposition 3 of [2] shows that the image of (4.2) coincides 
with the kernel of c(0) : N{s) N{s — 1). Let E' be the subalgebra of E generated by c 
and 96, which coincides with the kernel of c(0) : £ ^ £. It follows that 

e{S) as' ®Vl'. (4.3) 



5. W algebras 

The W algebras are vertex algebras which arise as extended symmetry algebras of 
two-dimensional conformal field theories. For each integer n > 2 and c G C, the algebra 
Wn,c of central charge c is generated by fields of conformal weights 2, 3, . . . , n. In the 
case n — 2, W2,c is just the Virasoro algebra of central charge c. In contrast to the 
Virasoro algebra, the generating fields for Wn,c n > ^ have nonlinear terms in their 
OPEs, which makes the representation theory of these algebras highly nontrivial. One 
also considers various limits of W algebras denoted by Wi+oo,c which may be defined as 
modules over the universal central extension V of the Lie algebra V of differential operators 
on the circle [11]. 

We will be particularly concerned with the "W3 algebra, which was introduced by 
Zamolodchikov in [20] and studied extensively in [1] . Our discussion is taken directly from 
[18] [19]. First, let TiyV'i) denote the free associative algebra with generators Lm,Wm, 
m e Z. Let J^CWs) be the completion of J^CWs) consisting of (possibly) infinite sums of 
monomials in J^CWs) such that for each N > 0, only finitely many terms depend only 
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on the variables L^Wn for n < N. For a fixed central charge c e C, let iiWs^c be the 
quotient of ^(Ws) by the ideal generated by 

[Lm, Ln] = (m - n)Lm+n + ^2 ^^"^^ ~ m)5m,-n, (5.1) 
[Lm, Wn] = (2m - n)Wm+n, (5.2) 
[Wm, Wn]^{m-n)(J^{m + n + 3){m + n + 2)-^{m + 2)(n + 2)^ Lm+n (5.3) 



(m - n)A^+n + ^r"(r" -l)(m - 4)5^ 



22 + 5c' ' 360 
Here 

■^m = ^ ] LnLm-n ''r -^m-n-^n ~ (w + 2) (m + 3)Ljri. 

n<-2 n>-2 

Let 

>V3,c,± = {^n, W^n, ±n > 0}, Ws.cO = {^0, Wo}. 
The Verma module M.c{t, w) of highest weight (t, lu) is the induced module 

ilW3,c <H)W3,c,+ ®W3,c,0 

where Ct^yj is the one-dimensional W3,c,+ © Vys^co-module generated by the vector vt,w 
such that 

>V3,c,+ (^^t,w) = 0, Lo{vt,w) = tVt,w, Wo{vt,w) = WVt,w 

A vector v e Mc{t,w) is called singular if W3,c,+ ('f) = 0. In the case t = = 0, the 
vectors 

L_i(^;o,o), W-i{vo,o), W-2{vo,o) (5.4) 

are singular vectors in Alc(0, 0). The vacuum module VW3,c is defined to be the quotient of 
Alc(0, 0) by the llVV3,c-submodule generated by the vectors (5.4). VW3,c has the structure 
of a vertex algebra which is freely generated by the vertex operators 



L{z) = LnZ-''-'', W{Z) = J2 WnZ- 



-n-3 

nez neZ 



In particular, the vertex operators 

{d''L(z) ■ ■■d'^L(z)d^'W(z) ■ ■■d^"W{z)\ < h < • • • < z^, < ji < ■ ■ ■ < jn} 
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which correspond to zi! • • • im^il ■ ■ ■jJ.L_i^_2 ■ ■ ■ L_j^_2VF_ji_3 • • • W_j„_3Vo,o under the 
state-operator correspondence, form a basis for VWs^c- By Lemma 4.1 of [19], the Zhu al- 
gebra A{VW3^c) is just the polynomial algebra C[l, w] where I = 7rzh{L) and w = 7rzh{W). 

Let Xc denote the maximal proper ilWs^c-submodule of VWs^c, which is a vertex 
algebra ideal. The quotient VW^^c/^c is a simple vertex algebra which we denote by Ws^c- 
Let Ic = 7rzh{^c)i which is an ideal of C[l,w]. By (3.9), we have A(W3,c) = C[l,w]/Ic. 
Generically, 2c = 0, so that VWs^c = W3,c- We will be primarily concerned with the 
non-generic case c = —2, in which X_2 ^ 0. The generators L{z),W{z) e V>V3,_2 satisfy 
the following OPEs: 

L{z)L{w) ~ -{z - w)-^ + 2L{w){z - w)'^ + dL{w){z - w)-\ (5.5) 

L(z)W(w) ~ 3W(w)(z - w)-^ + dW(w)(z - w)-\ (5.6) 

W{z)W{w) r^--{z- w)-^ + 2L{w){z - w)-^ + dL{w){z - w)'^ 
3 

+ (^:L{w)L{w):-^d'L{w)){z-w)-' 

+ (^a(: L{w)L{w) :) - ld'L{w))(z - w)''. (5.7) 

The simple vertex algebra W3,_2 also has generators L{z), W{z) satisfying (5.5)-(5.7), but 
W3,_2 is no longer freely generated. 

In order to avoid introducing extra notation, we will not use the change of variables 
W{z) = ^VQW{z) given by Equation 3.13 of [19]. By Lemma 4.3 of [19], the ideal 
1-2 C C[/,w] is generated (in our variables) by the polynomial 

w'-^l\Sl + l). (5.8) 

5.1. The representation theory o/W3,_2 

In [19], W. Wang gave a complete classification of the irreducible modules over the 
simple vertex algebra W3,-2- An important ingredient in his classification is the following 
realization of >V3,_2 as a subalgebra of the Heisenberg algebra H with generator j{z) 
satisfying j{z)j{w) ~ {z — w)~'^. Define 

Ln = f :) + dj, ^« = / + 7!^^ '-^ + ^^-^^ 
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The map W3,_2 ^ Ti. sending L i— > L-j-i and W i— > Wu is a vertex algebra homomorphism, 
so we may regard any 7Y-module as a W3,_2-module. Given a e C, consider the irreducible 
7i-module TYq defined by (4.1), and let Vq. denote the irreducible quotient of the W3,_2- 
submodule of Ti^ generated by v^. It is easily checked that the generator is a highest 
weight vector of W3,_2 with highest weight 

(^«(« - 1), ^«(« - 1)(2« - 1)) . (5.10) 

The main result of [19] is that the modules {Va\ a e C} account for all the irreducible 
modules of W3,-2- 



6. The commutant algebra S{y)'^+ for q — gl{l) and V — C 

In this section, we describe S{V)^+ in the case where q = gl{l) and V = C, where 
the action p : g ^ End V is by multiplication. Fix a basis ^ of g and a basis x of V, such 
that p{^){x) — X. Then S = S{V) is generated by P{z) = (3^{z) and 7(2;) = 7*' (-2), and 
the map (2.5) is given by 

Q^V = V{V), 

In this case, 0(g, B) is just the Heisenberg algebra Ti of central charge —1, and the action 
of 7i on 5 given by (3.5) is 

e{z) = - : ^{z)(3{z) : , (6.1) 

which clearly satisfies 

d{z)e{w) -{z - . (6.2) 

As usual, will denote the subalgebra of S generated by 9{z). Since —^(0) is the /37-charge 
operator, <S®+ must lie in the subalgebra <S° of /37-charge zero. 

Let : 9'^ : denote the n-fold iterated Wick product of 6 with itself. It is clear from 
(6.2) that each : 9'^ : lies in 5° but not in 5®+. A natural place to look for elements in 
«S®+ is to begin with the operators : 9'^ : and try to "quantum correct" them so that they 
lie in 5®+ . As a polynomial in dP, . . . , 7, ^7, • • •, note that 

:r : = (-l)"/?"7" + iv„. 
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where fn has degree at most 2n — 2. By a quantum correction, we mean an element a;„ e <S 
of polynomial degree at most 2n — 2, so that : 6'^ : + ojn E <S®+. 

Clearly 6 has no such correction coi, because u>i would have to be a scalar, in which 
case ^oi(^ + a;i) = ^oi^=— 1. However, the next lemma shows that we can find such 
ujn for all n >2. 

Lemma 6.1. Let 

UJ2 = : P{d^) : - : {dph ■ , 
^3 = : P'lidl) : + ^ : Pmi' ■ - ^ ■ P{d'l) : - ^ : {d'Ph : +6 : {0^91) : • 

Then :9'^: + 0J2 e <S®+ and : 9^ : + uj^ e S®+ . Since : (0^) : and : (: 6' :)(: 6^ :) : have 
the same leading term as polynomials in (3, 8(3, . . . , 7, ^7, • ■ ■ for i + j — n, it follows that 
for any n >2 we can find Un such that : 9'^ : + Un & <S®+ . 

Proof: This is a straightforward OPE calculation. □ 

Next, define vertex operators L5, Ws e S®+ as follows: 

Ls = \{: 9^ : +002) = ^(: P^l^ :) - : (c»/3)7 : + : P{d^) : , (6.3) 

Ws = 9^ : + a;3) 

+ /|(: (d'Ph ■■) - /|(: midl) + P{d'l) :)• (6.4) 

Let yV C <S®+ be the vertex algebra generated by L5, Ws. An OPE calculation shows that 
the map 

VWs,-2^S^+, L^Ls, W^Ws (6.5) 

is a vertex algebra homomorphism. Moreover, the ideal X_2 is annihilated by (6.5), so this 
map descends to a map 

/: >V3,-2-^5®+. (6.6) 
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In fact, (6.6) is related to the realization of >V3,_2 as a subalgebra of H defined earlier. 
First, under the boson- fermion correspondence. 



Lh ^ Lg = : dbc : , (6.7) 

Wn^Ws = ^{:{dH)c: - : {db){dc) :). (6.8) 
V6 

Next, under the map t : S ^ £ given by (4.2), we have 

Ls^Ls® 1, Ws^Ws® 1. (6.9) 



The subalgebra of /?7-charge zero has a natural set of generators 

{J^=:/3(a»:,i>0}, 

and it is well known that is isomorphic to VVi+oo,-i [H]- One of the main results of 
[18] is that e : S ^ £ ®T-i restricts to an isomorphism 

S^^A^n, (6.10) 

where A = VV3,-2 is the subalgebra of £ generated by Ls and Ws- By (6.9), e maps W 
onto A® I. Similarly, e(^) = i{l ® j), so e maps onto 1 (g) "H, and 5° = W (g) 0. 

For each d e Z, the subspace ^S'' of /?7-charge d is a module over <S°, which is in fact 
irreducible [11] [19]. Define v'^(z) e S'^ by 

,(3{z)-'^ d<0 
v'^{z) = < 1 d^O. (6.11) 
7(z)^ d>0 

Here f3{z)~'^ and 7(2;)^ denote the cZ-fold iterated Wick products : (3{z) ■ ■ ■ (3{z) : and 
• ■ ■ '■■> respectively. Each v^{z) is a highest weight vector for the action of W3,_2, 
and the highest weight of v^{z) is given by (5.10) with 

( a^d d<0 . . 

\a = d+l d>0- ^^-^^^ 

Moreover, v^{z) is also a highest weight vector for the action of H, so is generated by 
v^{z) as a module over W3,_2 H. 
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Theorem 6.2. The map f : ^ S®+ given by (6.6) is an isomorphism of vertex 

algebras. Moreover, Com{S^+ ,S) = 0. Hence Q and 5®+ form a Howe pair inside S. 

Proof: Clearly 5®+ C <S°, and since <S° = W ©, we have 

5®+ = Com(e, W 6) = W Com(e, G) = W. 

This proves the first statement. As for the second statement, it is clear from (5.10) and 
(6.12) that Com{S^+,S) C S^. Hence 

Com(5®+ , S) = Com{W, W ® 6) = G ® Com{W, W) = G. □ 

6.1. The map tt : 5®+ ^ 

Equip S with the conformal structure = (a — 1) : df3{z)'^{z) : +a : f3{z)d^{z) :, 
and consider the map tt : 5®+ given by (1.2). In this case, is just the polynomial 

algebra C[e], where e is the Euler operator x'-^. 

Lemma 6.3. We have 

ALs) = lie' + e), niWs) = -^e^ + -^e^ + -i=e. (6.13) 

In particular, tt{Ls) and tt{Ws) are independent of the choice of a. 

Proof: This is a straightforward computation using (3.6) and the fact that 'Kzhili^)) = x' 
and TTzhiPiz)) = Note that I = 7r{Ls) and w = ttCWs) satisfy (5.8). □ 

Corollary 6.4. For any conform,al structure on S as above, Im{'n:) is the subalgebra of 
C[e] generated by tt{Ls) and n{Ws). Moreover, Coker{TT) = C[e]//m(7r) has dimension 
one, and is spanned by the image of e in Cokeriir). 

Proof: The first statement is immediate from Lemma 3.4, since 5®+ is strongly generated 
by Ls and Ws which have weights 2 and 3 respectively. The second statement follows 
from (3.10) and (6.13), because any polynomial in C[e] is equivalent to an element which 
is homogeneous of degree 1 modulo /m(7r). □ 
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7. <S(F)®+ for abelian Lie algebra actions 



Fix a basis {xi, . . . , Xn} for V and dual basis {x'l, . . . , x'^} for V*. We regard S{V) as 
iSi ■ ■ ■ (8) 5n , where iSj is the copy of S generated by /3^^ (z)^ (z). Let fj-.S^ <S{V) be 
the obvious map onto the jth factor. The subspace Sj of /37-charge zero is isomorphic to 
W-^ ®W , where W is generated by 6^{z) = fj{0{z)), and W-' is generated by U — fj{Ls), 

— fj{Ws)- Moreover, as a module over W-^ ® W , the space S'^ of /37-charge d is 
generated by the highest weight vector v'j{z) = fj{v'^{z)), which is given by 

vf{z) = \ 1 d = 0. (7.1) 

We denote by Sj the linear span of the vectors {Vj{z) \ d E Z}. Note that for any conformal 
structure on S{V), the differential operators Vj e 1^{V) defined by (2.6) correspond to 
Vj{z) under the Zhu map. Let B denote the vertex algebra 

® • • • 5° ^ (W^ ® H^) ® • • • (W" ® H^). 

Clearly the space S{V)' consisting of highest-weight vectors for the action of B is just 
S[ ^ ■ ■ ■ ® S'^. As usual, let Z"^ C denote the standard lattice. For each lattice point 
1= {h,...,ln) e Z", define 

u;i{z) = :v[^{z)---vl-{z):, (7.2) 

where Vj{z) is given by (7.1). For example, in the case n — 2 and / = (2, —3) e Z^, we 
have 

uiiz) = : vl{z)v^\z) : = : (z)^^^ iz)(3^- iz)(3^- iz)(3^- {z) : . 

For any conformal structure L°' on S{V), (jJi{z) corresponds under the Zhu map to the 
element oji e T>{V) given by (2.7). 

Lemma 7.1. For each I e Z", the B-module A4i generated by u!i{z) is irreducible. More- 
over, as a module over B, 

S(V) = Ml. (7.3) 
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Proof: This is immediate from the description of S as the irreducible iS'^-module generated 
by Vd{z), and the fact that S{Vy = S[ ■ ■ ■ S^. □ 

Note that 9^{z) oq u;i{z) — —ljUJi{z), so the Z'^-grading on S(y) above is just the 
eigenspace decomposition of S{y) under the family of diagonalizable operators — ^■' (^)oo. 

For the remainder of this section, q will denote the abelian Lie algebra 

C^ = gl{l)®---®gl{l), 

and p : — End{V) will be a faithful, diagonal action. Let A[p) C C"^ be the subspace 
spanned by {p(^)| ^ G g}. As in the classical setting, we denote S{V)^+ by S{V)'^^ when 
we need to emphasize the dependence on p. Clearly S{y)p + = S{y)g + for all g G GL(m), 
so the family of algebras Siy)'^^ is parametrized by the points A{p) e Gr{m^n). 

Choose a basis {^^, . . . , ^"^j for g such that the corresponding vectors 

p(e) = a^ = («!,...,«;) eC" 

form an orthonormal basis for A = A{p). Let 9^'^{z) be the vertex operator corresponding 
to p(^*), and let be the subalgebra of B generated by {9^^{z)\ i = 1, . . . ,m}. By (3.5), 
we have 

n n 

e^^ (z) = = -J2^r- 7^^- (zW^ (z) : . 

Clearly e^'{z)e^J{w) ~ -{a\ a^){z - w)-'^ = Sij{z - w)'^. 

If m < n, extend the set {a^, . . . , a™'} to an orthonormal basis for C" by adjoining 
vectors b"^ = {b\, . . . ,bU e C"', for z = m + 1, . . . , n. Let 

n n 
3^1 3=1 

be the corresponding vertex operators, and let ^ be the subalgebra of B generated by 
{0^(^)1 i = m+l,...,n}. The OPEs 

(j)'{z)(j)^{w) ~ -{b\V>){z-w)-^, e^'{z)(j)^{w) ~ -{a\b>){z-w)-^ 
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show that the 0* (z) pairwise commute and each generates a Heisenberg algebra of central 
charge —1, and that $ C S{V)®+. In particular, we have the decomposition 

® • • • ^ H'' = e ® $. 

Next, let W denote the subalgebra of B generated by {U{z), W^{z)\ j = 1, . . . ,n}. Theo- 
rem 6.2 shows that W commutes with both and so we have the decomposition 

B = W(g)G(g)$. (7.4) 

In particular, the subalgebra B' = W ^ lies in the commutant S{V)'^+ . Let Ai'i denote 
the i3'-submodule of A4i generated by u>i{z), which is clearly irreducible as a ^B'-module. 

In order to describe S{V)^+, we first describe the larger space S{V)^> which is 
annihilated by 6^'{k) for z = 1, . . . , m and A; > 0. Then S{V)®+ is just the subspace of 
S{V)®> which is annihilated by ^^'(0), for i = 1, . . . , m. It is clear from (7.4) and the 
irreducibihty of Mi as a B-module that S(y)^> D Mi = M'l, so 

S{Vf> = M[. (7.5) 

Theorem 7.2. As a module over B' , 

S{Vf-^ M'l. (7.6) 

Proof: Let uj{z) e S{V)'^+ . Since uj lies in the larger space S{V)^> which is a direct sum 
of irreducible, cyclic B'-modules M'l with generators (jJi{z)^ we may assume without loss 
of generality that uj{z) = ciJi{z) for some I. An OPE calculation shows that 

e^'{z)u;i{w) ~ -{a\l)uJi{w){z-w)-\ (7.7) 

Hence loi G S{V)^+ if and only if I lies in the sublattice A-^ fl Z". □ 

Our next step is to find a finite generating set for S{V)'^+ . Generically, A^ fl Z"^ has 
rank zero, so S{V)®+ = B' , which is (strongly) generated by the set 

{cf>\z),L\z), W\z)\i = m + l,...,n, j = l,..., n}. 
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If n has rank r for some < r < n — m, choose a basis {l^, . . . , F} for A-^ fl Z"'. 
We claim that for any I e A-^ fl Z", a;/ (2;) hes in the vertex subalgebra generated by 

{ojii (2;) , • • • , iz),oj_ii (2;), . . . , a;_/r (2;)}. 

It suffices to prove that given lattice points I = {li, . . . iln) and V = (i'^^, . . . , l'^) in Z"^, 
a;i+i/(2;) = kuji{z) o^u!i'{z) for some A; and d & Z. 

First, consider the special case where I = (Zi,0, ...,0) and I' = {l[,0, . . . ,0). If 
hl'i > 0, we have 0Ji{z) o_i (jji'{z) = uJi+i'{z). Suppose next that Zi < and l[ > 0, so that 
u;i{z) = and uji'{z) = 7^'i(z)^'i. Let 

di = 'min{—li,l[}, ei = max{—li,l[}, d = di — l. 

An OPE calculation shows that 

ei! 

i^iiz) oauJi>{z) = —uji+i>{z), (7.8) 

(ei - dij! 

where as usual 0! = 1. Similarly, if /i > and l[ < 0, we take di = 'min{li, 
ei = max{li, —I'l}, and d = di — 1. We have 

ei! 

t^i{z) oaUJi'{z) = —uji+i>{z). (7.9) 

(ei - di)l 

Now consider the general case I = [li, . . . ,1^) and I' = {I'l, . . . ,1'^). For j = 1, . . . ,n, define 

r Ijl'j > _ r ZjZ^ > 

~ \ min{\lj\, Ijl'j < ' ^^~\ max{\lj\, Ijl'j < ' 

'~\dj ij>o ' ■ 

Using (7.8) and (7.9) repeatedly, we calculate 

u;i{z)oau;i>{z) = ^(-1)^^ ^^^ j^'^^^, ja;;+;.(2), 

which shows that u>i+i'{z) lies in the vertex algebra generated by u>i{z) and u!i'{z). Thus 
we have proved 
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Theorem 7.3. Let {l^,. . ., T} be a basis for the lattice A-^ n Z'^, as above. Then S{V)^+ 
is generated as a vertex algebra by B' together with the additional vertex operators 

LOii (^), . . . , ujit{z), (^), . . . , uJ-ir{z). 

In particular, S{y)'^+ is finitely generated as a vertex algebra. 

In the generic case where A-^ n = and S{V)®+ = B' , we claim that S{V)^+ 
has a natural (n — m) -parameter family of conformal structures for which the generators 
4>'^{z), U {z),W^ {z) are primary of conformal weights 1,2,3, respectively. Note first that 
W has the conformal structure Ly\;[z) — {z) of central charge — 2n. 

It is well known that for /c 7^ and c G C, the Heisenberg algebra Ti of central charge k 
admits a Virasoro element L'^{z) = ■^j{z)j{z) + cdj{z) of central charge 1 — 12c^/c, under 
which the generator j{z) is primary of weight one. Hence given A = (A^+i, • • • , A„) e 
Qn-m ^j^g Heisenberg algebra generated by cl)^{z) has a conformal structure 

L^'{z) = -\:ct>\zW{z): + \id<^\z) 

of central charge 1 + 12Af. Since (l)^{z) and 4^{z) commute for i 7^ j, it follows that 
L-^{z) ~ Yl^=m+i l-^) ^ conformal structure on $ of central charge Yl^=m+i ^ + ^^Af. 
Finally, 

Lb'{z) = Lw{z) ^ 1 + 1 ^ L^{z) eW^^ = B' 

is a conformal structure on B' of central charge —2n + X^ILm+i ^ + ^"^"^i with the desired 
properties. 

When the lattice A-^ fl Z" has positive rank, the vertex algebras S{V)®+ have a very 
rich structure which depends sensitively on A-^ n Z"^. In general, the set of generators for 
given by Theorem 7.3 will not be a set of strong generators, and the conformal 
structure Lq> on B' will not extend to a conformal structure on all of S{V)®+. 



Theorem 7.4. For any action of q on V, Com{S{V)^+ ,S{V)) = B. Hence S{V)®+ and 
form a Howe pair inside S{V). 

Proof: Since B' C we have 6 C Com{S(V)®+ ,S{V)) C Com(B' ,S(V)), so it 

suffices to show that Com{B', S{V)) = 6. Recall that B' = $ and 6 ® $ = 7^^ ® • • • ® 
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W. Since C(ym{W\Si) = W by Theorem 6.2, it follows that C(ym{W,S{V)) = 6 ® 
Then 



Com{B\ S{V)) = Com{^, Com(W, S{V))) = Com{^, 6 ® = 6 ® Com($, = 9. □ 



This result shows that we can always recover the action of Q (up to GL(m)-equi valence) 
from S{V)^+, by taking its commutant inside S{V). This stands in contrast to Theorem 
2.1, which shows that we can reconstruct the action from T>{V)^ only when A-^ fl Z"' has 
rank n — m. 



Theorem 7.5. For any action of g on V, S{V)®+ is a simple vertex algebra. 

Proof: Given a non-zero ideal I C S{V)^+, we need to show that 1 G X. Let (jj{z) be a 
non-zero element of X. Since each is irreducible as a module over B', we may assume 
without loss of generality that 

for constants c/ e C, such that ci ^ for only finitely many values of I. 

For each lattice point I = (Zi, . . . ,Z„) e Z", both (jJi{z) and (jiJ-i{z) have degree d = 
^ polynomials in the variables j3^^{z) and ^^i{z). Let d be the maximal degree 
of terms uji{z) appearing in (7.10) with non-zero coefficient q, and let I be such a lattice 
point for which uji{z) has degree d. An OPE calculation shows that 



V ^l 



(n-=i(-i)'^i^ii!)i i' = i 



where = mm{0, Zj}, for all lattice points V appearing in (7.10) with non-zero coefficient. 
It follows from (7.11) that 

■uj-liz) Orf_i io{z) = 1. □ 
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7.1. The map tt : S{V)®+ V{Vy 



Equip S{y) with the conformal structure given by (3.2), for some a = 
(ai, e C". Suppose first that n has rank zero, so that S{Vf^+ = B', 

and V{V)» = C[ei, . . . , e„] = Let tt : S{V)^+ V{V)» be the map given by (1.2). By 
Lemma 6.3, for j = 1, . . . , n we have 

Moreover, (3.10) shows that 7r{(j)^{z)) = {b\a) — X]j=i^j(^j + Since B' is strongly 
generated by {(j)'^{z), L^{z), W^{z)\ z = m + 1, . . . , n, j = 1, . . . , n}, it foUows from Lemma 
3.4 that 1171(17) is generated by the coUection 

{7r(</.^(^)), 7r{V{z)), 7r{W^iz))\ i = m+l,...,n, j = l,...,n}. 

The map tt is not surjective, but Cokeri^ix) is generated as a module over Im{n) by the 
collection {t^^ \ i = 1, . . . , m}, where t^' is the image of 

n 

in Coker{Ti) — E/n{B'). Unlike the case where V is one-dimensional, tt depends on the 
choice of a. 

Suppose next that the lattice A-^ n = has positive rank. Clearly nzh{-M.i) — Mi 
for all I, so n{M'i) C Mi. This map need not be surjective, but since Mi is the free E- 
module generated by a;^, and E/tv{B') is generated as a 7r(jB')-module by {t^^ \ i ~ 1, . . . , m}, 
it follows that each Mi/7t{M'i) is generated as a 7r(B')-module by {tf* \ i — 1, . . . , m}, where 
is the image of tt zh{0^' {z))uji in Mi/ti{M'i). 

Theorem 7.6. For any action of g on V , Coker{n) is generated as a module over /m(7r) 
by the collection i = 1, . . . ,m}. In particular, Cokeriir) is a finitely generated module 
over Im{TT) with generators corresponding to central elements ofV^V)^. 

Proof: First, since 7r{u!i{z)) = ui for all Z, it is clear that the generators t\^ of Mi/'k{M.'i) 
lie in the /m(7r)-module generated by {t^* | z = 1, . . . , m}, which proves the first statement. 
Finally, the fact that the elements TTzhi^^^iz)) corresponding to t^^ each lie in the center 
of V{VY is immediate from (2.10). □ 
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1.2. A vertex algebra bundle over the Grassmannian Gr{m,n) 

As p varies over the space R^{V) of effective actions, recall that S{V)^'^ is uniquely 
determined by the point A{p) G Gr{m,n). The algebras S{V)f~^ do not form a fiber 
bundle over Gr{m, n). However, the subspace of S{V)^^ of degree zero in the A{p)-^n Z"'- 
grading (7.6) is just B'p = B', and the algebras B'^ form a bundle of vertex algebras £ over 
Gr{m, n). The classical analogue of £ is not interesting; it is just the trivial bundle whose 
fiber over each point is the polynomial algebra E. 

For each p, recall that Bp = Wp <S> ^p, where Wp is generated by {U{z), W^{z)\ j = 
l,...,n}, and $p is generated by i = m + Since Wp is indepen- 

dent of p, it gives rise to a trivial subbundle of E. As a vector space, note that 
$p = 5'ym(0^>j^ ^(p)^), where A{p)^ is the copy of A{p)^ spanned by the vectors 
d^(j)'^{z) for z = m + 1, . . . , n. It follows that the factor $p in the fiber over A{p) gives rise 
to the following subbundle of £: 

Sym{@Tk), (7.12) 

k>l 

where is the quotient of the rank n trivial bundle over Gr{m,n) by the tautological 
bundle. Since each J^k has weight k, the weighted components of the bundle (7.12) are all 
finite-dimensional. The non-triviality of this bundle is closely related to Theorem 7.4. 



8. Vertex algebra operations and transvectants on P(F)s 

If we fix a basis {xi, . . . , x^} for V and a dual basis {x'l, . . . , x'^} for V*, S{V) has a 
basis consisting of iterated Wick products of the form 

p(z) = : a'=i7^^i (z)--- d^--i<r (z)a'i/5^^i (z) • • • {z) : . 

Define gradings degree and level on S(y) as follows: 

r s 

deg{p) = r + s, lev{p) ^^ki + ^lj, 

and let S{y)^'^^[d] denote the subspace of level n and degree d. The gradings 

S{V) = 05(y)(-) = S{Vf-\d] =^S{V)[d] (8.1) 

n>0 n,d>0 d>0 
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are clearly independent of our choice of basis on F, since an automorphism of V has the 
effect of replacing /?^* and with linear combinations of the /?^* 's and 7^* 's, respectively. 

Let a : V{V) grV{V) = Sym{V ®V*)he the map 
I , d d , , 

3i 3 s 

which is a linear isomorphism. Any bilinear product * on Sym{V (BV*) corresponds to a 
bilinear product on which we also denote by *, as follows: 

for ujjV E 'D{V), Moreover, coi, . . . ,u!k generate 'D(T^) as a ring if and only if cr(a;i), . . . , cr{u!k) 
generate SymiV ® V*) as a ring. The map / : Sym(V ® V*) S{V)^^^ given by 

x',^--- xlx^, • • • x,-^ , ^ : 7^- {z)--- 1< (^) . . . (^) : , (8.3) 

is a linear isomorphism, so that f o a : T){V) S{V)^'^^ is a linear isomorphism as well. 

S{V)^^^ has a family of bilinear products *k which are induced by the circle products 
on S{V). Given u;{z), u{z) G S{y)^^\ define 

Lo{z) *k = p{u){z) Ok i^{z)), (8.4) 

where p : S{V) — > S{V)^^^ is the projection onto the subspace of level zero. Clearly 
Lij{z) *k ^{z) — whenever k < —1 because pod acts by zero on S{V)^^\ For k > —1, *k 
is homogeneous of degree —2k — 2. 

Via (8.3), we may pull back the products k > —1 to obtain a family of bilinear 
products on SymiV © F*), which we also denote by *k- In fact, these products have a 
classical description. Let 

and define the kth transvectant^ on Sym{V (BV*) by 

[, ]k : Sym{V © V*) ® Sym{V © V*) Sym{V © V*), [u, v]k^mo V^{uo © v). 



I thank N. Wallach for explaining this construction to me. 
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Here m is the multiplication map sending oj v t-^ ujv. 

Theorem 8.1. The 'product *k on Sym{V(BV*) given by (8.4) coincides with the transvec- 
tant [,]k+i for k> -1. 

Proof: First consider the case k = —1. In this case [, ]o is just ordinary multiplication. 
Recall the formula 

: (: ab :)c : - : aba Yl {d'+'a){b o, c) : : {d'+^b){a o, c) :) , 

fc>o ^ ^' 

which holds for any vertex operators a, 6, c in a vertex algebra A. It follows that the asso- 
ciator ideal in S{V) under the Wick product is annihilated by the projection p. Similarly, 
the commutator ideal in S{V) under the Wick product is annihilated by p, so S{V)^'^^ is a 
polynomial algebra with product and / : Sym{V (BV*) — > S{V)^^^ is an isomorphism 
of polynomial algebras. Hence given E Sym{V © V*), we have [u>, iy]o — uiv — ui *_i v. 

Next, if /c > 0, it is clear from the definition of the vertex algebra products o;. that 
given uj{z),h'{z) G S{V)^'^\ ^{z) *k is just the sum of all possible contractions of 
k + 1 factors of the form (3^^ (z) or 7^* (z) appearing in uj{z) with k + 1 factors of the form 
(3^*{z) or ■y^i{z) appearing in uiz). Here the contraction of (3^^{z) with {z) is dij, and 
the contraction of 7^*(z) with /3^i{z) is —5ij. Similarly, it follows from (8.5) that given 
(jj^u e Sym{V © V*), [uj^-ulk+i is the sum of all possible contractions of A; + 1 factors 
of the form xi or x[ appearing in uj with k -\- 1 factors of the form xi or x[ appearing 
in V. The contraction of Xi with x'^ is 5i^j and the contraction of x[ with Xj is — (^ij- 
Since / : SymiV © V*) — > S{V)^'^^ is the algebra isomorphism sending xi 1— > P^^{z) and 
^ 7^* (-2)) the claim follows. □ 

Via a : V{V) Sym{V © V*) the products *k on Sym{V © V*) pull back 
to bilinear products on T>{V), which we also denote by *k- These products satisfy 
a; */, 1/ e T>{V)(^r+s-2k-2) for <^ £ ^(^)(r) and s e T>(y)(^s)- It is immediate from Theorem 
8.1 that *_i and *o correspond to the ordinary associative product and bracket on T>(V), 
respectively. Since the circle product oq is a derivation of every o/., it follows that u>*o is 
a derivation oi *k for all u E T>(V) and A; > — 1. 

We call T>{V) equipped with the products {*k\ k > —1} a *-algebra. A similar 
construction goes through in other settings as well. For example, given a Lie algebra g 
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equipped with a symmetric, invariant bilinear form B, ilg has a *-algebra structure (which 
depends on B). Given a *-algebra A, we can define *-subalgebras, *-ideals, quotients, and 
homomorphisms in the obvious way. If F is a module over a Lie algebra g, T>{V)^ is a 
*-subalgebra of T>{V) because the action of ^ e g is given by [t(^), — ] = t(^)*o which is a 
derivation of all the other products. 

Given elements u!i,...,u>k £ ^^{V)^, examples are known where cui , . . . , cufe do not 
generate T>{V)^ as a ring, but do generate T>{V)^ as a *-algebra.^ This phenomenon occurs 
in our main example, in which g is the abelian Lie algebra C"^ acting diagonally on 
V = C". Recall that ©(F)^ = where Mi is the free E-module generated 

by (jJi. Suppose that A-^ n Z" has rank r, and let {Z* = (Z^, . . . , z = 1, . . . , r} be a basis 
for A-^ n Z"^. In general, the collection 

ei,...,en, 0Jii,...,(jJir, (jj_ii,...,(jj-ir (8.6) 

is too small to generate V{V)^ as a ring. 



Theorem 8.2. V{V)^ is generated as a *-algebra by the collection (8.6). Moreover, V{yY 
is simple as a *- algebra. 

Proof: To prove the first statement, it suffices to show that given lattice points / = 
(Zi, . . . , In) and /' = (Zj, . . . , Z^), ujij^i' lies in the *-algebra generated by uji and a;//. For 
J = 1, . . . , n, define 

r Ijl'j > ^ J Ijl'^ > 

^ ~ \ min{\lj\, \l'j\}, Ijl'j < ' -\ max{\ljl \l'j\}, Ijl'^ < ' 

The same calculation as in the proof of Theorem 7.3 shows that 




which shows that a;/+// lies in the *-algebra generated by ui and a;// . 



I thank N. Wallach for pointing this out to me. 
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As for the second statement, the argument is analogous to the proof of Theorem 7.5. 
Given a non-zero *-ideal / C T>{V)^, we need to show that 1 e /. Let a; be a non-zero 
element of /. It is easy to check that for z, j = 1, . . . , n, and I e A-^ n Z", we have 

ei *i Cj = -Si J, Ci *i a;; = 

By applying the operators ej*i for i = 1, . . . , n, we can reduce u) to the form 

for constants c; G C, such that ci ^ for only finitely many values of I. We may assume 
without loss of generality that u is already of this form. Let d be the maximal degree (in 
the Bernstein filtration) of terms ui appearing in (8.7) with non-zero coefficient c/, and let 
/ be such a lattice point for which loi has degree d. We have 

I' j^l 

LO-l *d-lt^l' = \ I Tin I .Nfc,. 



(n;=i(-i)'^K.i!)i y = ^ 



where kj = min{0, Ij}, for all I' appearing in (8.7). Hence 

1 



■uj-i *d-i a; = 1. □ 
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